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ABSTRACT

Let 1 <a =pf < o and F be an arbitrary closed subset of the interval [a, 8].
An Orlicz sequence space /* (resp. an Orlicz function space L*(u)) with
associated indices a and f is found in such a way that the set of values p for
which the /’-space is isomorphic to a complemented subspace of /* (resp.
L*u)) is precisely the given set F (resp. F U {2}). Also, a recent result of
Hernindez and Peirats [1] is extended showing that, even for the case in
which the indices satisfy o’ <2 <, there exist minimal Orlicz function
spaces L%u) with no complemented copy of I” for any p # 2.

0. Introduction

The study of symmetric structure of the Orlicz spaces has been carried out
mainly and among others by J. Lindenstrauss and L. Tzafriri ([5], [6], [7]),
N. Kalton ([4]) and N. Nielsen ([11]) (see also [3], [8], [9]) offering several
important and deep results. To take a sample, let us mention that the class of
the minimal Orlicz sequence spaces [ studied by J. Lindenstrauss and
L. Tzafriri provided examples of Banach spaces containing isomorphic copies
of [P-spaces for uncountable many p’s and, at the same time, no complemented
copy of any /?-space (see [1] for the version of this theorem in the context of
Orlicz function spaces).

In general, the problem of determining exactly which spaces /¥ (in particular
[P-spaces) are isomorphic to a complemented subspace of an Orlicz sequence
space /* does not have yet a complete solution, and full characterization

t Supported in part by CAICYT grant 0338-84.
Received August 4, 1987

37



38 F. L. HERNANDEZ AND B. RODRIGUEZ-SALINAS Isr. J. Math.

remains to be found. However, some useful necessary or sufficient conditions
are known. Thus, J. Lindenstrauss and L. Tzafriri, in [6], introduced the
notion of strongly non-equivalent function to the set E,,, proving that a space
1¥ is not isomorphic to any complemented subspace of an Orlicz sequence
space /? if the function y is strongly non-equivalent to E,,.

This paper deals with the /’-complemented copies (1 = p <o) in Orlicz
spaces: One of its goals is to extend to the context of Orlicz function spaces
L*u) the above-mentioned result on strongly non-equivalent functions in
sequence spaces [? ([6], [7]). Another purpose of this paper is to study the
following inverse problem: Given an arbitrary set F of real numbers p = 1, find
Orlicz (sequence and function) spaces L#(u) such that the set of values p for
which the /-space can be complementably embedded into L#(u) is exactly the
prefixed set F.

In Section II we answer this problem for closed sets F and Orlicz sequence
spaces. Thus, the main result (Theorem 2) asserts that given 1 <a =f <o
and a closed subset F of the interval [, 8], there exists always an Orlicz
sequence space [? with indices a,= o and f,= f which contains a comple-
mented copy of /” if and only if p € F. The proof of this result makes use of the
method of constructing Orlicz functions associated with sequences of 0’s and
1’s, which was developed by J. Lindenstrauss and L. Tzafriri in ([6], [7], [8]).

Section I1I is devoted to Orlicz function spaces: The first part introduces the
concept of strongly non-equivalent function to EJ,, studying its connection
with weighted Orlicz sequence spaces /%(¢). As a consequence, this allows us to
give a criterion to insure that reflexive Orlicz function spaces L*(u) contain no
complemented copies of /7 (p # 2): The function #* must be strongly non-
equivalent to Eg5, . This fact constitutes a partial extension of ([6] Theorem 2.2)
to Orlicz function spaces. Also, in this context we solve the above-mentioned
inverse problem for closed sets F U {2} (Theorem 7).

Finally, some applications to the class of minimal Orlicz function spaces are
given. In particular, Corollary 10 answers in the affirmative a question in [1]
(Remark, page 360), showing that the main result in [1] is also true for the case
2€(ay, By). Thus, there exist reflexive Orlicz function spaces L¥u) with
arbitrary indices without complemented copies of /” for any p # 2.

I. Preliminaries

Let us start with some notations and definitions. Given a positive measure
space (Q, Z, 1) and an Orlicz function ¢ (i.e., a continuous convex nondecreas-
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ing function defined for x =0 so that ¢(0)=0 and ¢(1) = 1), the Orlicz
function space L*(u) is defined as the set of equivalence classes of z-measurable
scalar functions of (L, Z, u) such that

m,(f)=fQ ¢<‘—f—) du <o, forsomer>0.

r

The space L%u) endowed with the Luxemburg nornr | f| =
inf{r > 0: m,(f) = 1} is a Banach space.

Similarly the Orlicz sequence space I* consists of all those sequences x = (x,,)
of scalars for which there is an r >0 with

mx)= % (M)«n.

n=1 r

Recall that a function ¢ satisfies the A,-condition at 0 (resp. at oo) if there exist
constants M > 0 and 5, > 0 with ¢(so) > O such that ¢(25) = Me(s)if 0 <s = 5,
(resp. s = 5p). If ¢ satisfies the A,-condition at 0 then the sequence of unit
vectors (e,) is a symmetric basis of /%,

We assume that the Orlicz function ¢ satisfies the A,-condition at co and at 0,
so the associated indices verify | S oy’ = <o and 1 S a, = f,< oo (cf. [8],
[9]). We shall make use of the following compact subsets related to ¢ in the
space C(0, 1):

t
E¢J={%(¢(Lr)2:r§s}; E¢=Do E,,

)
E;‘j,={ﬂr—2'rzs}; Ex= N Eg

or) >0
Css=convE,; Cy=conv E,
Cg =conv EZY; Cy =conv Ep

for every s > 0 ([5-8)). For a detailed study of Orlicz spaces and their structure
we refer to ([10], [8], [9)).

It was proved in [7] that for Orlicz sequence spaces /¢ the following
statements are equivalent: (a) /” is isomorphic to a subspace of /%
(b) pElay B4]; (c) the function ¢# is equivalent to some function in Cj,.
(Furthermore when #” is in E;, the space /? is isomorphic to a complemented
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subspace of [*.) For Orlicz function spaces L*u) the following holds: p €
[a, B] if and only if the unit vector basis of [ is equivalent to a sequence of
functions in L%(u) with mutually disjoint supports.

On the other hand, an Orlicz sequence space /* does not contain any
complemented subspace isomorphic to /7 if the function #” is strongly non-
equivalent to E, ([6], [8] Theorem 4.b.5). In general, a function y is strongly
non-equivalent to E,, if for every constant K = 1 there exists m(K)-points
t,€(0, }) such that, if K— oo, m(K) = o(K”) for every g >0, and for every
A€(0, 1) there exists at least one index i, | <i = m(K) for which

P(AL) [_1_ K
¢(A')V/(ti)¢ K’ ]

(For the ordinary equivalence — instead of “strongly” — the above result is
not true; see N. Kalton [4].)

The class of the minimal Orlicz sequence spaces /% has been studied in ([6],
[7], see also [8]): An Orlicz function ¢ is called minimal (at 0) if, for every
function y EE,,, we have that E,, = E,,. Examples 4.c.6 and 4.c.7 in ([8])
prove the existence of minimal Orlicz sequence spaces /* with arbitrary indices
(1 < a, = B,< o) containing no complemented subspaces isomorphic to /? for
any p = 1. For Orlicz function spaces it has been proved in [1], by means of an
extension of the notion of minimal function, that there exist reflexive Orlicz
function spaces L%yu) with indices 1 <al =B =2 (or 2=y’ = 5 <o)
containing no complemented subspaces isomorphic to /? for any p # 2.

II. /’-complemented copies in Orlicz sequence spaces /*

In this section we deal with the following problem: given a set F of real
numbers p = 1, find an Orlicz sequence space /* such that the set of values p for
which the space /? is isomorphic to a complemented subspace of /* is exactly
the set F.

The next theorem establishes a first step towards the general solution for
closed sets given in Theorems 2 and 3.

THEOREM 1. Let F be a closed set of positive numbers with 1 £a=
inf F Ssup F = B < w. Then there exists an Orlicz sequence space I° with
indices a,= o and B,= B which contains complemented subspaces isomorphic
to I? if and only if p EF. Furthermore t* belongs to E,, up to equivalence, for
each p €F, and 1" is strongly non-equivalent to E,, for each p € F.
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ProoF. Firstly, by the separability of F, we pick up a dense sequence (p,)
in F, verifying that every term of the range of (p,) appears infinitely many
times in the sequence.

Let us consider the following function fon [0, + co) defined as follows:

fin=0 for t €[0, 1],
J1t)= f(n®) + p,(t — n?) for tE[n?, (n +1)3), neEN.

It is CICar that If(t;) '_f(tz)l §ﬂ|t‘ - tzl.
Now, let us define a function ¢ on [0, 1] by ¢(0) =0 and

p(t)=exp{—f(—logt)} forO<r=1.

This function ¢ is continuous but not necessarily convex on [0, 1]. However, if
¢’ denotes the right-derivative of ¢ we have

to'(t
ag—ﬂ—)=f’(—logt)éﬂ
p(t)
for every t€(0, 1). Thus, since a =1 we get that ¢(¢)/t is an increasing
function, and hence ¢ is equivalent to the convex function

¢({)=j: @ du fort€[0,1].

So ¢ satisfies the A,-condition at 0.
Let r, = e~™, we consider the sequence of functions (¢,) C E, , defined for
t€[0, 1] by
oa(t) = olrd)
o(r.)
Then forr, . /r, =t = 1, it is easily checked that ¢,(¢) = t*». Now, as r,, . ,/1, —
0 and each value p, of the range of (p,) appears infinitely many times in the
sequence (p,), there exists a subsequence (¢, ) of (¢,), which converges
uniformly to #» on [0, 1]. Therefore t*» € E, for all n €N and hence #* EE, for
every p €F. Thus #” is equivalent at 0 to a function of E, for every p EF, and,
by (cf. [8] page 150), /¥ has a complemented copy of /7. Moreover, it is easy to
show that the indices of the function ¢ are exactly ay= « and g,= 8.
We pass now to prove that ¢ is strongly non-equivalent to E,, for each
p &€ F, which implies, by Theorem 4.b.5 in [8], that /* does not contain any
complemented subspace isomorphic to /. Given p&F, let ¢ >0 so that

= exp{f(n?) — f(n* —log 1)}.
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(p — 3¢, p+3e) N F = . For each integer n put m(n) = n? and assume the
existence of an integer k such that

ko i
*) e <207 _
p(t*)r”

fori=1,2,...,n*andt =e"'.Let1 <j < n®*— n(n> 1), by using the above
inequality with i = j and i = + n, we obtain

k+j+
¢_(T._J__n)<e2zn

p(k+iy =

e —ZznTpn _5_ ridd
for1<j=<n®’—n.
We consider now a particular value of j in each one of the following cases:
@j=(m-—-12—kwhenk<(n—1)%
(b) j =1 when (m — 1)> <k <k + n <m? for an integer m = n;
(c) j =m*—kwhen (m — 1)> =k <m? = (k + n) for an integer m = n.
Then, it is easily checked that in each case

k+j+n
ACAND B
p(t*+)
for some g = p, €F. But, as |q — p| = 3¢, the above equality implies

¢(Tk+j+n)

o ryom E €777

which is a contradiction with (x). So, we have obtained that for any integer n
there exists m(n) = n? points in (0, 1) such that for any integer k there is at

least one index i = 1, . .., n* for which
Ti +k
¢(—k__.)_. e [e—en’ em].
ot )"
As m(n + 1) = o(e™) for any > 0, this means, by the A,-condition at 0, that
17 is strongly non-equivalent to E, ,, which ends the proof. g.e.d.

In the proof of the following result we will make use of the method of
constructing Orlicz functions by sequences of 0’s and 1’s developed by
J. Lindenstrauss and L. Tzafriri in ([6], [7], [8]).

Let us recall that, for fixed 0<7<1 and 1<p’'<p”, if p=(p(n))
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denotes a sequence of digits with p(n) equal to O or 1 for each n €N, then the
Orlicz function g, associated with the sequence p(n) ([8] page 161) verifies that

9,(T%) = PR+ = for KEN,;
and its indices satisfy ([8] Proposition 4.c.4)
a,=p'+(p"—pla; and B, =p’ +(p”— pby

where a, and b, are real numbers depending on the density of 1’s of p, defined
by
n+k

Go=lim inf~ % p(i)

k—w n ki=n+l

J— 1 n+k
by=1im sup = Y p(i).
k-0 n k i=n+1
THEOREM 2. Let 1 <a =B < oo and F be an arbitrary closed subset of the
interval [a, B). Then there exists an Orlicz sequence space I°, with indices ay=
and B,= B, which contains a complemented copy of I’ if and only if p EF.

Proor. By the results of Lindenstrauss and Tzafriri ([7], [8] Examples
4.c.6, and 4.c.7) we can assume that F # .

First, let us show that we can take numbers 1 < p’ < p” and a sequence
p = (p(n)) of 0’s and 1’s such that the associated Orlicz function g, has indices
a, =a<p, =p. Indeed, for 0<a<b<1 and alb <(a— 1)/ —1) we
construct a sequence of positive integers (r;), with n; > 5, such that

2 =a and ﬁ <1—l);b.

1
j=1 N j=1 n;
Proceeding as in ([8] page 165) we define two sequences of zeros and ones, as
follows. Let m; = myn,- - - n;_, (m, = 1) and 4; (resp. B;) be the block of the first
m; digits of p (resp. 7). Thus A4, consists of the digit | and B, of the digit 0, while
A; and B, are defined inductively by

(n; — 1) times (n; — 1) times
RS N— PR S—
Ajp1=Ad;- - - AB;, Bj.,=BB;- - -Bi4;

It is clear that for a; (resp. b;) denoting the number of ones inside 4; (resp. B)),

Go=(m—Da+b; b= — Db +a
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and, hence,

J
a1 — bjyy=(n— 2)(aj—b,-)=l'[ (n;—2)=6(m;,,)

i=]

where 6 =112, (1 — 2/n;) > 0. Finally, as ay < a <b = b, we can find p’ < p”
verifying

a=p'+(p" = pag=q,,

B=rp +(p”— p)b=4,,

with
p,___1_*_(01—1)1)0_('3—l)ao>1
by — ag
because
o PP -1
by, b p-—1

We consider now, as in Theorem 1, a dense sequence (p,,_ ) in the set F, so
that every element of the range appears infinitely many times. Let us define a
continuous function ¢ on [0, 1] as follows: ¢(0) =0, ¢(1) =1, and

9 (—i) o(r,) ifr,,;<x =<r,and neven
Y
o(x)=

(_’f)p' o(r,) ifr,,;=x=r,and nodd

”w

where r, =e~™ for nE€EN (r,= 1) and g, is the above Orlicz function asso-
ciated with p and ¢,(1) = 1. This function ¢ is not necessarily convex, but as
¢(x)/x is an increasing function, the function ¢ is equivalent at 0 to the convex
function ¢ defined by

¢(t)=ﬂ' QS‘—) du  forte[o, 1)

Hence ¢ satisfies the A,-condition at 0 too.
In the same way as in Theorem 1, by considering the sequence
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@) = ( o(r, t))
o(r,)
for n odd, it is proved that for each p € F the function #* €E, and hence the
sequence space /* has a complemented copy of /.
Now, in order to prove that [ does not contain any complemented subspace
isomorphic to I? if p ¢ F, we will show that ¢? is strongly non-equivalent to E, ,,
and then we apply ([6], [8] Theorem 4.b.5). Fix p € F, let ¢ > 0 be such that

(p—3¢, p+3¢)NF=¢. For each odd integer n, put m(n)=5m,,, and
assume the existence of an integer k such that

( k+l)
K 1 px_. <K pi
o(t*)
for i=1,2,...,5m,,, and where K, =¢* for >0 and 7 =¢"!. Let

1 =j <4m,,,; by the above inequality with i =j and i =j + m,, we obtain

k+jtm,
O Krom <20 < g
p(t**)

7™
forl=sj=4m,,,.

We distinguish now the following five cases depending on the possible values
of k:

(@ k<m,,

®) m,=k=k+4m,,,<m, ., for some odd integer n’ = n,

© m,=k=k+4m,,,<m,,, for some even integer n’ = n,

(@ m,=k<m,, <k+4m,, for some even integer n’ = n,

e m,<k<m,, =k +4m,,, for some odd integer n’ = n.

For the cases (a), (b) and (d) let j=m,—k, j=1, and j=m, ., —k
(= 4m, ) respectively. Then, for these cases, it is easily checked that

(Tk+j+m‘)

p(t+)

for some ¢ = p;_,€F.From |q — p| = 3¢ we deduce that K, > e¢*™,500 > ¢.

Case (c). As every block of p or n of length 3m, ., contains one block equal to
A, and another block equal to B,, there exist integers j,, j, with 1 =j,
J2=3m,,, for which

K™ < = 79 < K2tP™

o, (‘{k +iH+ ml—-m.,)

¢p(‘tk +j|_'”-') - ¢p(1m.)
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and

¢,,(Tk +j1+m,,——m~,)

- = @,(t™).
9, (‘l'k +jy— ) ¢”( )

Now, using () we obtain

Kt < 2™ < g

¢n(7m")
On the other hand

9,(t™) = n

= -r g PG NE) = L & Che < P P n
J(_'”—S TP =X, P =) — ("= PNa,=b) < 7(p"~ pom,
@ T

Hence, it results that

(p” —p"o

K, Zex
4

b {(P_-PW_'"} and 52
4
The case (e) has two subcases: (¢,) k + m, ., <m,,, and (&) m, . =k +
m, . =k +5m,,, =m,,, both with an odd integer n’. Then reasoning in
(e,) as in (b), and in (e,) as in (c), after some easy computations we conclude
that d >¢and 6 =z (p” — p)6/4.
In conclusion, if

6 = min (s, ("—';"—)—0)>0,

for any integers n and k we have
(O(Ti +k)
()

for atleastone index i =1, 2, ..., 5m, . Moreover, since in the construction
of the sequence (n;) we can take n; = hj* for some big enough 4, we have that
m, ., = h"(n!)? and hence

e [e—émn, e&m,]

m(n +2)=5m, ;= o0(e”) = o(K?)

for every g > 0. This means that ¢ is strongly non-equivalent to E, ; for each
DE&F.

Finally, it remains to show that a, =« and B, = . Let us suppose that
p <a=a,, then there exists an integer 4 so that
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%(n?*"z <
0,(ri)ry

for any integers n, k = 0, and hence

p(ri**) -1
o~

Now, for 0<4 =1 and 0 <t = r;, if we consider integers n and k verifying
mr<A=r'andrf =t =rf7! (k = 2), we find that

n+k—
p(Ar) éw(rf i)§_1_<Oo
oA ey

and therefore p < a, for every p <a. So @ = a,,
Let us assume now p < a,. There exists a constant M > 0 such that

p(r,dt) <M
p(rA)e?

for0<1 =1,0<t =1, and every integer n. But

¢(r2nt)

lim —=—=¢,(1),
e g(r)
and so
JACI
P, A)F
Hence p =< a,, =« for any p <a,, and a, =< a. The proof of the remaining
equality B, = f is similar. q.e.d.

The version of the above Theorem in the case a = 1 takes a slightly different
form because then an Orlicz sequence space /* with a,= 1 must contain a
complemented copy of /', independently of 1EFor 1¢ F:

THEOREM 3. Let 1l =a = <o and F be a closed subset of the interval
[, B). Then there exists an Orlicz sequence space I* with indices a,=1 and
Bs = B so that I° contains a complemented copy of I’ if and only if pEF U {1)}.

PrOOF. An Orlicz sequence space [ with ay=1=p8,<o contains a
complemented copy of /! since the dual space (/%)* has a subspace isomorphic
to ¢, and Proposition 2.¢.8 in [8]. Then, in the non-trivial case 1 =a <f, we
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can replace F by the closed set F/ = F U {1} and proceed in a similar way as
in the above Theorem. The only change needed is to consider an Orlicz
function ¢,, associated with the sequence p of 0’s and 1’s, having indices
1<a, =8, =B. q.ed.

HI. Complemented copies in Orlicz function spaces L*(u)

We start this section extending the concept of “strongly non-equivalent
function”, given in ([6], [ 7]) for Orlicz sequence spaces, to the context of Orlicz
function spaces L*(u):

DEeFINITION. Let ¢ be an Orlicz function satisfying the A,-condition at oo
(resp. at 0; on R*). An Orlicz function y is called strongly non-equivalent to E3,
(resp. E,;; E,; U Eg,) if there exist two sequences of numbers (K, ) and integers
(m,), so that for n -, K,— o and m, =0o(K?) for every 0 >0, and
m,-points ¢,€(0, 1) such that for every A €[max; !, o) (resp. A€(0, 1);
A€(0, o)) there is at least one index i, 1 =i < m, for which

) [_1_, Kn],
o) LK,

The following theorem generalizes a remarkable and useful result due to J.
Lindenstrauss and L. Tzafriri ([6], [8] Theorem 4.b.5). Consider weighted
Orlicz sequence spaces I*(u) for arbitrary positive scalar sequences u = (u,),
i.e., the space of all sequences (x,) verifying Z &(|x, [/s)u, < oo for some
§ > 0(cf. [2]). Clearly these spaces /*(1) have an unconditional Schauder basis
in the sequence of unit vectors (¢,) when ¢ satisfies the suitable A,-condition.

THEOREM 4. Let ¢ be an Orlicz function with the A,-condition at «o (resp.
at 0) and let (u,) be a positive scalar sequence with Xy, < oo (resp. inf, u, > 0).
Ify is an Orlicz function strongly non-equivalent to EJ’, (resp. E, ) then I* is not
isomorphic to any complemented subspace of I*(it).

Proor. The proof is basically similar to ([6], [8] Theorem 4.b.5). We
develop it putting emphasis on the necessary changes for our situation.

Let us assume that /¥ is isomorphic to a complemented subspace of /*(u). By
([8] Propositions 1.a.12 and 1.a.9) there exists a normalized block basis
Wj = Zieq, :¢;,J EN of the unit vectors (e,) in /*(z), such that (w;) is equivalent
to the unit vector basis of /¥, and also there is a projection P: [*(u)— [w;].
From the conditions on the weight sequence (u,) it follows that we can assume,
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wlog, that a,=1 (resp. 0<g; =1) and that the functions y;(t)=
Zieq Mait )y satisfy

ly(t) — (1) =1/2  forall t€[0,1], alljEN

for some Orlicz function § € CJ\, (resp. C,,) equivalent to y at 0.

First, the case Xu, < co: For convenience we will consider the function ¢,
defined by @g(x) =¢{(x) for x =1 and ¢y(x)=0 for 0 =x < 1. As we can
suppose ¢ with the A,-condition on R*, there is 2 p > 0 such that ¢(st) =< s”¢(2)
fors = 1 and ¢ > 0. Now as y, and hence i, is strongly non-equivalent to E7,
there exist K, > 0 and m, points £, €(0, 1), h =1, ..., m, with

m, ) 1 _ 1 _
<m“‘< il Ll I (R ’)
K 2° 2-3°R,

(o0 = 1/p and R, a positive constant), and so that for every A = 1 there exists at
least one h, 1 =k = m, such that

2)_q |2 k)

Po(A)(2) n
We can assume, w.l.o.g., that {y;(¢) — #(¢)| <min{§(#): 1 =h = m,} for all
t€[o,1].

Reasoning as in ([8] Theorem 4.b.5) we split each of the sets o; into 2m,
disjoint subsets of integers d! and 7/ so that, forevery 1 =h =m,,

Polaits) < 1

- ifi€d}
oola)(ty) K,
and

_bolats) _ o
oola)i(t) "

Thenforj=land1=h=m,

K.y (t) 2" dolau; = E. doaita)i; = wi(ts) = 2§(ty),

ifi€nt.

i€nj i€n;
which implies
2 o 2m,
Y ofa); =— andthus ¥ ¥ dolau = forjz 1.
i€ K, he=1 icn K,

Now define the vectors
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Z 2 ae;.
h=1 i€q

Every function F €y satisfies F(st) < s”F(¢) for all s = 1 and ¢ 2 1. So, if
we set

F(t)— 2 2 ¢(at).un\

h=1 ien’
then F;(¢)/F;(1)€ Cy, and therefore
FEQIP)=2"|PPF() =2 | P|Pm, /K, = 1,

which means that

e

If we write u! = Zics aie;, for 1 =h =m,, jEN, it can be proved, in the
same way as in ([8] page 151), using the “diagonal” operator, that for any set of
coefficients {5,};/-, the norm of the vector Z;_, bw; satisfies

=2m,

Now, choosing an integer J so that 2M = E’ 1 §(t,) = 3M for the constant
M=K,/3 (1), we obtain that M =Z/_, w(t,)=4M. Then, by the
A,-condition,

4 h
2 th]ujl' .
j=1

J
2 Wi

j=1

(+) 1SM° <

=2m, [P

On the other hand,

2 2 dolaitsu; = K, 2 w(ty) 2 Pola)u = 1.

j=1 166, j= 1661

Then

J
k
2 uu| =R

j=1

where R, is a positive constant. (If Zu, < } we can take R, = 2.) Hence for (+)
we conclude that
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m

>

K°~ 2.3%R,

(2

which contradicts the choice of m, and K, . This ends the proof of the theorem
in this first case.

The proof in the other case inf, 4, > 0 is analogous (except that we do not
need to redefine the function ¢). g.e.d.

REMARK. A similar result is true for the case of spaces /?(u) with arbitrary
weight sequences (u,). Namely, if a function y is strongly non-equivalent to
EyZ U E,, then I¥ is not isomorphic to any complemented subspace of /%(x).

PRrROPOSITION 5. IfL*(u) is a reflexive Orlicz space over a finite (or o-finite)
measure space (Q, X, 1), then L*(u) contains a complemented copy of I? for
p # 2 if and only if I? is isomorphic to a complemented subspace of a weighted
Orlicz sequence space I%(u) for u, = 11(A,) of a disjoint sequence (A4,) in X.

Proor. The “if” implication is obvious since the sequence space [?(u) is
canonically embedded into L%(u) as a complemented subspace.

Let us suppose now that L?(x) contains a complemented copy of /” for p > 2.
Reasoning in the same manner as in the proof of Proposition 4 of [1] (also [12]
for x4 o-finite), i.e. using ([9] Proposition 1.c.8), we get that there exists a
disjointly supported sequence (g,){ in L% u), so that its span [g, ] is isomorphic
to /” and complemented in L?(u). Now, by the density of the step functions in
L¥(u), for each n EN there are mutually disjoint sets B, , C supp(g,) = 4, and
real numbers (a;,)i=, such that h, = Z[=| a; .1, verifies || b, — g, || <1/2".
Hence, by a standard perturbation result ([8] Proposition 1.a.9), the span [4,]
is isomorphic to /* Finally, the subspace [(xs,, )], Which is isomorphic to the
weighted space /(. ,) for w; , = u(B, ), contains a complemented subspace
isomorphic to /7.

In the other case 1 << p <2, the result is now easily proved by duality (see,
e.g., [12] Theorem 14), g.e.d.

A direct consequence of Theorem 4 and Proposition 5 is the following
Corollary that gives us a version for function spaces L?(u) of the J. Linden-
strauss and L. Tzafriri result for Orlicz sequence spaces /? ([6], [8] Theorem
4.b.5):

COROLLARY 6. Let L%u) be a reflexive Orlicz function space over a finite
(resp. o-finite) measure space (Q, 1). If the function t*, for p # 2, is strongly
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non-equivalent to E, (resp. E, U E, ) then the space I? is not isomorphic to a
complemented subspace of L¥(u).

We are now ready to study the inverse problem in the context of Orlicz
function spaces L?(u):

THEOREM 7. Let 1 <a =<pf < w, F be a closed subset of (o, B), and (Q, u)
be a non-purely atomic finite measure space. Then there exists an Orlicz
Sunction space L*(u) with indices a} = a and B = B such that LX i) contains a
complemented copy of I’ if and only if pEF U {2}.

ProoF. We can assume F # & . The case F = J was solved in [1] and also
below in Corollary 10.

First, let us prove the existence of an Orlicz function ¢ with indices a° = a
and By = B, so that #” is equivalent at 0 to a function of EX if pEF, and # is
strongly non-equivalent to E;} if p € F. Indeed, let us define the symmetric
function @(x) = 1/p¢(1/x) of the function ¢ considered in Theorem 2, i.e.,

([ x\n 1 :
( > — ife™ =x =e™+ and nodd
em/  ple™™)

p(x) = - 1
() pte

where the sequences (p,) and (m,) and the function ¢, are as in Theorem 2.
From the equality Ey° = (E’,) we obtain that #? is equivalent at 0 to a function
of Ep if p EF. Moreover o’ = a and f3° = f.

Now, to show that #” is strongly non-equivalent to E}"; if p & F, we proceed
in the same way as in Theorem 2. Lete >0besothat(p — 3¢, p +3e)N F =
. For each odd integer n put m(n) =5m,,, and assume there exists an
integer k = 5m, ., verifying

ife™ =x =e™+and neven

K it ¥ <¢(T T—‘) =K1 "
p(t%)

fori=1,2,...,5m,,; t=eand K, =¢* (6 >0). Let 1 <j=4m,,,; by
using the above inequality with i =j and i =j + m, it results that
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n{rk=j—m
W—I;)S 21;_1”".
p(eiy T

Ky <

fork =z 5m,,,.
Now, for each one of the following cases we have an appropriate index
1 <j <4m,,,, which leads to a contradiction (we omit the details). Namely,
(a) The case k < 5m, ., is now excluded.
(b) Form, <k —4m,,, =k =m,,,, with n’ = n and odd, take j = 1.
(c) Form, <k —4m,,, =k =m,,,, with n’ = n and even, take j, j, as in
the case (c) of Theorem 2.

(d) For m, =k —4m,,,=m,,., <k with n’Zn and odd, take j=
k— My gy

(¢) For m, <k —4m, ., =m, ., <k with n’ Z n and even, we have two
subcases:
) Iifmy Sk—m,, =k<m,,,takej=1.
(e) fm, =<k—5m,,, <k —m,,, <m,,,, we consider j,, j, as in the

respective (e,) subcase in the proof of Theorem 2.

In conclusion, #” is strongly non-equivalent to a function of E}",.

Finally, let us consider the Orlicz space L#(u) where ¢ is a convex function
equivalent to ¢ at oo (f.i. ¢(¢) = [{ (@(x)/x)dx). Thus o’ =« and f =, and
the reflexive Orlicz space L?(u) has a complemented subspace (the Rade-
macher functions span) isomorphic to /2 (cf. [9]). Also L*(u) contains a
complemented copy of /” for each p € F since t* € E* and ([7] Proposition 4.4).
The converse is immediate using Corollary 6. q.e.d.

REMARK 1. Inthe case | =a<f < oo we could give some partial results,
but not as complete as for Orlicz sequence spaces /# (Theorem 3).

REMARK 2. Let usdenote by Q5° (resp. Q,) the set of those p = 1 for which
the Orlicz function space L*#(1) (resp. Orlicz sequence space /) contains a
complemented copy of /7. Theorems 7 and 2 give rise to the question of
whether the sets Q;° and Q, are always closed for every Orlicz function ¢.

The above results will be considered now in the context of the class of
minimal Orlicz functions studied in [6], [7], [8] and [1]. Firstly, let us
introduce the following

DEeFINITION. An Orlicz function ¢ with the A,-condition is called distinc-
tive (resp. at oo; at 0) if for any positive sequence (u,) (resp. with Xy, < oo;
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inf, u, > 0) the weighted sequence space /%(u) is isomorphic to the Orlicz
sequence space /*.

In other words a function ¢ is distinctive at 0 if every block basis with
constant coeficients of the canonical basis (e,) of /? spans a subspace which is
isomorphic to /? itself.

The functions ¢ are trivial examples of distinctive functions, and the
complementary function ¢ of a distinctive function ¢ is also a distinctive
function, since

Py = (u))* = (* = I*
for any arbitrary weight sequence (u,).

Proposition 5 takes, for this class of distinctive functions, the following nice

form:

PrROPOSITION 8. Let L%u) be a distinctive reflexive Orlicz space over a
finite (or o-finite) measure space not reduced to a finite number of atoms. Then
L%u) contains a complemented copy of I° for p # 2 if and only if I? contains a
complemented copy of I°.

Inside the class of the distinctive functions at 0 are the important class of the
minimal functions introduced by J. Lindenstrauss and L. Tzafriri ([6], [7], see
also [8]). This follows from Proposition 4.b.7. in [8].

More generally, it occurs that the general minimal functions studied in [1],
[2] are distinctive functions: Recall that ¢ is called minimal (at o) if for
wEEY, as a subset of the space C(0, ) endowed with the compact-open
topology, E, = E§;.

PROPOSITION 9. If ¢ is a minimal function then ¢ is a distinctive function.

ProoF. Let u = (u,) be an arbitrary weight sequence and positive scalars
r, >0 so that u, = 1/¢(r,). Then the functions (¢(r, - )/¢(r,)) belong to E; U
E,,.If (e,) denotes the canonical basis of /*, the sequence (f,) = (r,e,) is a basis
for /%(1). By the minimality of the function ¢ ([1] Proposition 1) we have that
Ep =E,, = E, and so we can take a sequence (s,) converging to 0 such that

Prat)  Psat)
or.)  Psa)
for all [0, 1]. This implies that for w, = 1/¢(s,), the basis (g,) = (s,¢,) of

I*(w) and (f,) are equivalent. Hence the space /() is isomorphic to /%(w) with
w, — oo, which by Proposition 4.b.7 of ([8]) is isomorphic to L. q.e.d.

1
<

=2n
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The above results allow us to answer a question in [ 1] (Remark, page 360) to
show the main Theorem in [1] is also true for the case o <2 <y :

CoroLLARY 10. Given 1 <a =p < oo arbitrary, there exists a minimal
Orlicz function space L u) over a finite (or o-finite) measure space with indices
al = a and By = P and which contains no complemented subspace isomorphic
to I? for any p + 2.

ProoF. Let us consider the minimal Orlicz function ¢ defined by
J. Lindenstrauss and L. Tzafriri in [6], [8] (Examples 4.c.6 or 4.c.7) with
indices oy = o and B,= . Hence the Orlicz sequence space [ does not have
any complemented copy of /” for p = 1. Then the restriction of the function ¢
to [0, 1] can be extended to the whole [0, cv) defining a general minimal
function ([1] page 357) denoted also by ¢. Thus, the associated indices satisfy
ay =a,=aand f° = f,= B ([2]), and by appeal to Propositions 9 and 8 this
finishes the proof. q.e.d.
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